SPECTRAL MOMENTS OF TREES WITH GIVEN DEGREE SEQUENCE 

ERIC OULD DADAH ANDRIANTIANA AND STEPHAN WAGNER 

Abstract. Let Ai, . . . , A„ be the eigenvalues of a graph G. For any fc > 0, the fc-th spectral 

moment of G is defined by Mfc(G) = Ai H h A^. We use the fact that Mfc(G') is also the 

number of closed walks of length fc in G to show that among trees T whose degree sequence 
is D or majorized by D, Mfc(T) is maximized by the greedy tree with degree sequence D 

f^ I (constructed by assigning the highest degree in D to the root, the second-, third-, . . . highest 

degrees to the neighbors of the root, and so on) for any fc > 0. Several corollaries follow, in 

("^ ' particular a conjecture of Ilic and Stevanovic on trees with given maximum degree, which in 

Cn , turn implies a conjecture of Gutman, Furtula, Markovic and Glisic on the Estrada index of 

;^ . such trees, which is defined as EE(G) — e^^ + • • • + e^" . 
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1. Introduction 



/^ ■ Let G be a graph with adjacency matrix A, and let Ai, . . . , A^ be the eigenvalues of A. The 



cd 



m 



a 



fc-th spectral moment of G is defined as 

n 

(1) M,(G) = J]Af 



fc=0 



A walk of length fc in a graph G is any sequence wiW2 ■ ■ ■ w^+i of vertices of G such that 
WiWiJ^i is an edge in G for i = 1, . . . , A;. Since tr(yl^) = Mfc(G), where tr(^'^) is the trace of 
^ \ the k-ih. power of A, Mfc(G) is (see [5j) exactly the number of closed walks (walks that start 

^*0 ' and end at the same vertex) of length k in G. The spectral moments of G are also closely 

^^ . related to the so-called Estrada index [6], which is defined as 

^' : (2) EE(G) = Y. 

O ■ i=l 



e^» 



It follows from ([T]) , ([2]) and the power series expansion of the exponential function that 



'^5_j , i=l fc=0 fc=0 



Ernesto Estrada [TT] introduced the parameter EE in 2000 and showed how it can be used to 
study aspects of molecular structures such as the degree of folding of proteins, see also p^lfTB] - 
Applications of EE expanded quickly to the study of complex networks [H] and quantum 
chemistry [15]. See |17j for a recent survey on the Estrada index. 
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2 ERIC OULD DADAH ANDRIANTIANA AND STEPHAN WAGNER 

Let US also define a generalization of the graph invariant EE: for any function / : M ^ M, 
we set 

n 

(4) E;(G) = ^/(A.). 

1=1 

Obviously, we obtain the fc-th spectral moment for /(x) = x^ , the Estrada index for f{x) = e^ 
and the graph energy (see f20] and the references therein) for f{x) = \x\. More examples will 
be discussed at a later stage. If we assume that / has a power series expansion around that 
converges everywhere, i.e., 



oo 
fc=0 



(5) f{x) = y^akx^ 
then Ej satisfies the relation 

n oo oo 

(6) E^(G) = E^a^Af = ^a,Mfc(G). 

i=l fc=o fc=0 

Let T/) denote the set of trees with degree sequence D. The class of trees with fixed degree 
sequence is very popular in extremal graph theory. For example, it has been studied with 
regards to the Wiener index f23','24j and other distance-based invariants |21j . spectral radius 
and Laplacian spectral radius [3,4,2S], the energy and the number of independent subsets [I], 
and the number of subtrees [271E5]. 

The greedy tree G{D) is the tree obtained from a "greedy algorithm" that we will describe 
in detail in the following section. Roughly speaking, it is obtained by assigning the highest 
degree in D to the root, the largest degrees that are left to its neighbors, and so on. 

For any degree sequence D, we prove that G{D) has maximum A:-th spectral moment for any 
fc > 0, and for sufficiently large k, it is unique with this property. Consequently, the greedy tree 
also maximizes E j for any / as in ([5]) among all elements of Tq , provided that the coefficients 
Ofc are nonnegative for even k (the odd spectral moments are for all bipartite graphs, thus in 
particular for trees). Details of the proof are provided in Section [3l Furthermore, in Section [J] 
we show that if two degree sequences D = {di, . . . , dn) and B = (bi, . . . , hn) satisfy 

/ I 

(7) Y.^^<Y.'^^ 

1=1 1=1 

for all 1 < / < n (i.e., D majorizes B), then Mk{G{B)) < Mk{G{D)) for any A; > 0. A 
number of corollaries can be deduced from these results. In particular a conjecture of Ilic and 
Stevanovic follows as a corollary to our theorems, which reads as follows: 

Conjecture 1 (Ilic/Stevanovic [19j). For any k >2, the Volkmann tree (see Figure[J\) has 
maximum spectral moment M2A; among trees of n vertices with maximum degree A . 



This, in turn, implies an older conjecture of Gutman, Furtula, Markovic and Glisic |18] . 
stating that the Volkmann tree has greatest Estrada index among all trees with maximum 
degree A, see also |r7|, p. 168]. The Volkmann tree, shown in Figure [1] in the case A = 3 and 
n = 15, is essentially a complete A-ary tree, and a special case of a greedy tree whose degree 
sequence is (A, A, . . . , A, r, 1, 1, . . . , 1) for some r between 1 and A. Gutman et al. provide 
an argument supporting their conjecture, which however is not fully rigorous. The Volkmann 
tree is well-known to be extremal for other graph invariants, notably for the Wiener index |l6j. 
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Figure 1. The Volkmann tree for A = 3, n = 15. 



The conjecture of IHc and Stevanovic was proved by Zhang, Zhou and Li |25] in the case 
that the maximum degree A is large (greater than n/3). See [TtilOj for further recent extremal 
results concerning the Estrada index, in particular the Estrada index of trees. 

2. Preliminaries 

We start with formal definitions of specific terminologies and certain types of trees which 
will be of central interest in this paper, compare also [21 1211^5] . 

Definition 1 . Let -F be a rooted forest where the maximum height of any component is k — 1. 
The leveled degree sequence of F is the sequence 

(8) D = {Vi,...,Vk), 

where, for any 1 < i < A;, V^ is the non-increasing sequence formed by the degrees of the 
vertices of F at the i level (i.e., vertices of distance i — 1 from the root in the respective 
component). 

Definition 2. The level greedy forest with leveled degree sequence 

(9) D = ((n,i, . . . , il^ki), («2,1, • • • , «2,fc2); • • • 1 (in,!, ■■■ , in,kj) 

is obtained using the following "greedy algorithm": 

(i) Label the vertices of the first level g\, . . . ,gl , and assign degrees to these vertices 

such that degg^ = iij for all j. 
(ii) Assume that the vertices of the h^^ level have been labeled g^, . . . ,g^ and a degree 
has been assigned to each of them. Then for all ^ < j < kh label the neighbors of g^ 
at the {h + 1)**^ level, if any, by 

h+i h+i 

and assign degrees to the newly labeled vertices such that deg^"*" = ih+i,j for all j. 

The level greedy forest with leveled degree sequence D is denoted by G{D). We will use the 
labeling described in the definition throughout this paper, for level greedy trees and forests 
as well as related trees. 

Definition 3. A connected level greedy forest is called a level greedy tree. 

We will also encounter an edge-rooted version of the level greedy tree. 
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Definition 4. The edge-rooted level greedy tree with leveled degree sequence 

D = ((il,l,il,2),(i2,l,---,^2,fc2)>--- ,iin,i,---,in,k„)) 
is obtained from the two-component level greedy forest with leveled degree sequence 

((ii,i - 1, ii,2 - 1), (i2,i, ■ ■ ■ , i2,k2)^ • • • ' (^",1' • • • ' Vfc„)) 
by joining the two roots. 

Now, we are ready to define greedy trees: 

Definition 5. If a root in a tree can be chosen such that it becomes a level greedy tree whose 
leveled degree sequence, as given in Q, satisfies 

min(ij,i, . . . , ij^k,) > max(2j+i,i, . . . , ij+i,kj+i) 

for all 1 < j < n — 1, then it is called a greedy tree. 




• • • • • • 



Figure 2. A greedy tree (only the labels of the first six vertices are shown). 



We denote the set of all permutations of {l,...,n} by 5„. Let A = (ai,...,a„) and 
B = (bi, . . . , bn) be sequences of nonnegative numbers. We say that A majorizes B if for all 
1 < fc < n we have 

k k 

If for any o" € 5^ the sequence A majorizes (6o-(i), . . . , b^(n))j then we write 
(10) B^A. 

Remark 1. Let cr G 5„ be such that ^^-(i) > ■ ■ • > b^(^n)- It is easy to see that (6o-'(i)j ■ ■ ■ ,bcr'{n)) ^ 
(6o.(x), • • • , t>f^(^n)) fo^ ^iiy cr' G Sn- Relation PU]) is equivalent to the statement that A majorizes 
(6o-(i), . . . , 6o-(„)). Furthermore, (fTOj) is equivalent to the statement that for any k £ {1, . . . ,n} 
we have 

(ba'ii), ■ ■ ■ ^b^if^f.)) 4 (ai,. . . ,afe) 
for all a' (z Sn- 

The rest of this section consists of a series of lemmas describing properties of sequences, 
which will then be applied to degree sequences in the following sections. 
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Lemma 1 (cf. [21j). Suppose that {bi, . . . ,hn) ^ (ai, . . . , an) and {b'l, . . . , b'^) ^ {a[, . . . ,a^). 
Then we have 

b[bi H h b'^bn < a[ai -\ h a'^an- 

The next, stronger looking, lemma is in fact equivalent to Lemma [TJ 

Lemma 2. Suppose that (6i, . . . , 6„) ^ (ai, . . . , a„) and {b'l, . . . , b'^) =4 (a'l, • • • i a^)- T'/ien we 
have 

{b'lbi,. . . ,b'J)n) ^ (aiai,... ,a^a„). 

Proof. Let a be the element of 5„ for which &o-(i)^'o-(i) ^ ' ' ' ^ ^cr(n)^'o-(n)' Using Remark [H 
we know that for any A; G {1, . . . , n}, we have 

(6(^(1),. . . ,6ct{A:)) ^ (ai,--- ,afc) 
and 

By Lemma [1] this implies 

^<T{i)^a(i) ^ + ^^{k)b'^{k) < aia'i + • • • + afca'fc- 

Hence, (aia'^, . . . , fflna^) majorizes (&o-(i)ftCT(i')' • • • ' ^o"(«)^'o-fra))' ^^"^ ^^^ lemma follows from Re- 
mark [TJ D 

Let (fci, . . . , fcri) be a sequence of integers. For any sequence (ai, . . . , a^), we define 
(ai,...,a„) * (A;i,...,A:„) = (6i, . . . , bj-n^^^,), 

where 6j = a^ whenever Yli^i ki < j < J2i=i^i (i-^-' each a£ is repeated A;^ times). For 
example, (1, 3, 2) * (2, 3, 4) = (1, 1, 3, 3, 3, 2, 2, 2, 2). 

Remark 2. It is easy to see that if the sequences {ki,...,kn) and (ai,...,a„) are non- 
increasing, then for any a and n in 5^ we have 

(0^(1),... ,a^(^n)) * {K{1),--- ,K{n)) ^ (ai,- --^an) * {ki,. . . ,kn). 

Lemma 3. Assume that B = (61, . . . ,6„) ^ (ai, . . . ,a„) = A and let C = (ci, . . . ,c„) 6e a 
non-increasing sequence of positive integers. Then for any a G Sn we have B*{c„(^i\ , ■ ■ ■ , c^i^.) ) ^ 
A*C. 

Proof. Let vr G 5„ be such that 6,^(1) > ••• > 67r(n)) aiid let B^^ = (6^(1),..., 67r(n))- By 
Remark [21 we know that B * (Co-(i), • • • , Co-(„)) ^ i?7r * C. Since S^ * C is a non-increasing 
sequence, we can prove the lemma by showing that A* C majorizes B^^ * C. 

The case n = 1 is trivial. Assume that the statement holds for n = k. For n = k + 1, the 
relation B ^ A implies that {b^(^i), ■ ■ ■ , b7r(fc)) ^ (oi, . . . , Ofc). By the induction hypothesis we 
deduce that 

(11) (^7r(i),---,&7r(fc)) * ici,...,Ck) =4 (ai,... ,ak) * (Cl,... ,Ck). 

Now we reason by induction with respect to c^+i- For any two sequences S* = (si, . . . , s/) and 
S' = {s[, . . . , s'l,), let S : S' denote the sequence obtained by concatenation, i.e., {si, . . . ,si,s[, 
...,4)- If Cfc+i = 1, then 

(6^(1),... ,67r(fc+i)) *C = ((6^(1),... ,6^(fc)) * (ci,. . . ,Cfc)) : (6^(^+1)) 
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and A* C = ((oi, . . . , Ofc) * (ci, . . . , c^)) : (ofc+i). Using Lemma[T] we know that 

fc+i fc+i 

sum(57r * C) = y^ b^(^i-^Ci < y^ aiCi = sum(A * C), 

i=l i=l 

where sum(i?7r*C') and sum(^*C) are the sums of the entries in i?^*C and A*C, respectively. 
With (fTTj) . this imphes that A* C majorizes (6,^(1), . . . , f'7r(A;+i)) * C. The (second) induction 
step follows from the relations 

Btt * (ci,... ,Ck+i) = (b^i^i),... ,67r(fe+i)) * (ci,... ,Cfc+i - 1) : {b^{k+i)), 
A* (ci,... ,Cfc+i) = (ai,...,ajk+i) * (ci,... ,ca;+i - 1) : (a/c+i). 

D 

3. Trees with given degree sequence 

Let T be a tree and v one of its vertices. We denote by Wv{k;T) the set of all walks of 
length A; in T starting at v, and by Cy{k; T) the set of all closed walks of length A; in T starting 
and ending at v. We also write 

(12) Wik-T)= y m{k;T) 

vev(T) 

for the set of all walks of length A; in T and 

(13) C{k;T)= U C,{k;T) 

v€V{T) 

for the set of all closed walks of length k. Note that C{k;T) = whenever k is odd. 

3.1. Vertex rooted trees. Let W = wi . . .Wk he a walk in a rooted tree T. We say that 
{ii,i2, ■ ■ ■ ,ik) is the level sequence of W if wi is at the if^ level in T, i.e., at distance ii — 1 
from the root, for all I < k. We denote by W(ii, . . . , i^; T) the set of walks with level sequence 
(ii, . . . , ifc) in T. For any vertex u of T we define 

Wv{ii,...,ik;T) = {wi...Wk e W{ii,... ,ik;T) : wi = v}. 

The sets C(ii, . . . , i^; T) and Cy{ii, . . . ,ik;T) are defined analogously. Moreover, we denote the 
cardinalities of W{k]T) and C{k;T) by W{k;T) and C{k;T) respectively, the cardinality of 
W^(ii, . . . , ifc; T) by Wv{ii, . . . , i^; T), etc. This convention will be kept even if not mentioned 
explicitly. Finally, the set of rooted forests with leveled degree sequence D is denoted by Tb . 

Lemma 4. Let T G Tb for some leveled degree sequence D of a vertex-rooted forest, and let 
G = G{D) he the associated greedy forest. Let v\, . . . ,f^. he the vertices of T at the i level. 
Then for any level sequence of walks (ii, . . . , ii), the following relations hold for all i: 

(14) (Ty,.(n,...,i;;r),...,Ty,. (ii,...,i;;r))^(Ty3.(zi,...,i,;G),...,T^^. (zi,...,iz;G)) 

and 

(15) W-g, (ii, ...,ii;G)> Wg.^iiu ...,ii;G)>--->Wg.^ {i, . . .,ii;G). 
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Proof. The situation where i ^ ii is not interesting, since we get 

W,.{ii,...,ii;T) = W.Xii,...,ii;G) = 

for any j. So we assume that i = ii and proceed by induction with respect to /. The initial 
case / = 1 is trivial, since we know that 

W.,{ii;T) = W.,{ii;G) = l 



for all ii and j. Assume that the relations (|14p and (|15p hold whenever / < k for some integer 
A: > 1. Now consider a longer level sequence {ii, . . . ,ii) where I = k + 1. There are two cases: 
^2 = ii — 1 or ^2 = *i + 1 (in all other cases, the number of walks is 0). 

• Case 1: Assume that 12 = ii + 1 = i + 1. For 1 < j < di, we use Uj as an abbreviation 
for the number of children of t;*- and bj for the number of children of gY Clearly, 
aj = deg v^j — 1 and bj = deg 5*- — 1 if i / 1 , and aj = deg u * , bj = deg g^, ii i = 1. In 
view of the construction of greedy trees, we have 

bi>b2>--->bd^, 

and since {ai,a2, ■■■ ,adj is a permutation of (61, 62, • • • , ^dj, it is clear that 

(16) (ai,a2,...,arfj =^ (61, 62, . . . , b^J. 

We also write rj and Sj for the sums 






t=i t=i 

and ro = So = 0. Now note that 



W, 



'v^Xk,---,ii;T)= ^ W^^+l{i2,■■■,^l■,T) = ^ W^^+l{^2, ■ ■ ■ ,ii;T), 

since every walk with level sequence {ii,i2, ■ ■ ■ ,ii) starting at u*- has to go to one of 
the children v]^ ('"j-i + ^ ^ h < rj) first. Likewise, 

Wg^{il,...,il■,G)= Y^ Wg^+i{i2,...,ii;G)= ^ Wg^+l{i2, . . . ,ii;G). 

g^'r^g) h=sj.i+l 

Now the relation 

(VF„.(ii,...,i/;r),...,VP^„.^(n,...,i,;r))^(W;.(ii,...,i/;G),...,Wg.^(ii,...,i,;G)) 

as well as (fT5]l . follow from the induction hypothesis applied to the level sequence 
(12, ■ ■ ■ ,ii) and the majorization inequality (|16p . which also implies that rj < Sj for 
all j. 
• Case 2: Assume that i2 = '^i — 1 = ^ — 1- This time, we write Oj for the number of 
children of v^~ (which is either degv*~ or degf*~ — 1) and bj for the number of 
children of g^-~ . The relation (|16p is still valid. Now we have 

{W^^{il,... ,^l■,T),...,W^^ (ii,... ,ii;T)) 
1 dj 

= (^^,'-i(«2,--- ,ii;T),... ,W^^-i (i2,... ,ii;T)) * (ai, . . . ,arf^_J, 
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since if v^ is one of the aj children of v^~ , a walk with level sequence (ii, . . . ,i/) 
starting at w^ has to start with a step to w*" , which means that 

W^r(ii,...,ii;T) = W ^-i{i2,...,ii;T). 
Likewise, 
{Wg^^{il, ...,ii]G),..., Wg.^ (ii, . . . , ii;G)) 

= (%j-i fe, ...,ii;G),..., Wg^-l (i2, ...,ii;G))*{bi,..., bd^_^). 

So ()14p and ()15p follow from ()16p and the induction hypothesis by means of Lemma[3j 

D 

Next we study closed walks: it turns out that a completely analogous statement holds. 

Lemma 5. Let T G Td for some leveled degree sequence D of a vertex-rooted forest, and let 
G = G{D) he the associated greedy forest. Let v\, . . . ,z;^. he the vertices of T at the i*^ level. 
Then for any level sequence of walks (ii, . . . , i/), the following relations hold for all i: 

(17) (C„» (ii, . . . , i;; T), . . . , C^j^ (ii, . . . , i;; T)) ^ (C^, (ii, . . . , i;; G), . . . , Cg^^ (n, ■ ■ ■ , ii; G)) 

and 

(18) Cg.^{ii,...,H-G)>--->Cg.^{i,...,ii;G). 

Proof. As in the proof of Lemma HI we only need to prove the lemma for i = ii. The case 
when I is even is trivial: in this case, 

C^^{^l,...,il■,T) =C r{ii,...,ii\G) = 

for all J, since there are no closed walks of odd length in a forest. 

For the case of odd /, say I = 21' — 1, the proof is similar to that of Lemma |U We reason by 
induction with respect to /'. The case /' = 1 is again trivial. Assume that the lemma holds 
for all I' < k for some k > 1. Now consider a level sequence (^i, . . . ,^2^+1)- We must have 
ii = i2k+i = i and Z2 = i ± 1 as well as «2fc = ^ i 1) the other possibilities are trivial. 

Case 1: Ii i2 = i2k = i — ^, then, writing Oj for the number of children of t"*^ and bj for the 
number of children of g^~ , we have 

[C^z {ii, . . . ,i2k+i',T), . . . ,C„« (ii, . . . ,i2k+i',T)) 



{C^z-i{i2, . . . ,i2k;T), . . . ,C^z-i (i2,... ,i2k;T)) * (oi, . . . ,arf^_J 

1 di_-] 



and 



(Cgi(ii, . . . ,i2k+i',G), . . . ,Ggi^{ii, . . . ,i2k+i',G)) 
= {Cgz-i{i2,... ,i2k;G),... ,CgZ-i (i2,--- ,i2k;G)) * (61,..., ^.J 

for the same reason as in Case 2 of Lemma HI Hence (|17p and (|18p can be obtained using 
Lemma [3l the induction hypothesis and ([16]). 

Case 2: Assume that ^2 = ii + 1 = i + 1. Let h be the smallest integer such that h > 1 and 
ih = ii = i- If h does not exist, then there is no closed walk with level sequence (ii, . . . , i2k+i), 
so we can ignore this case. By the definition of h and the assumption that Z2 = i + 1, we know 
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that i = min(ii, . . . ,ih). Clearly, any walk with level sequence {ii, . . . , ih) is closed. Hence for 
all j, any element of C i {ii, . . . , «2fc+i; G) can be decomposed (uniquely) into a first part that 

is an element of C i {ii, . . . ,ih;G) and a second part that is an element of C i {ih, ■ ■ ■ , «2fc+i; G). 

Similarly, an element of C »(ii, . . . ,i2k+\]T) splits (uniquely) into two parts: a first part in 

C I {ii, . . . ,ih;T) and a second part in C , (ih, ■ ■ ■ , i2k+i',T). This implies that 

i j 

C i{ii, . . . ,i2k+i;G) = C i{ii, . . . ,ih;G)G r {ih, ■ ■ ■ ,i2k+i;G) 
= Wgi {ii,..., ih] G)Cg^ {ih, ..., i2k+i;G) 

and 

G ,{ii, . . . ,i2k+i',T) = G z{ii, . . . ,ih;T)C z{ih, ■ ■ ■ ,i2k+i',T) 
= W^^{ix,..., ^h■,T)C^^ {ih, ..., i2k+i;T). 

Therefore, we can use Lemma IH the induction hypothesis and Lemma [2] to deduce (|17p and 
(|18p : the argument remains valid even if /i = 2k + 1, since then the second factor in the 
formulas above is simply 1. 

Case 3: Assume that Z2fe = «2fe+i + 1 = i + 1- Then the sequence (i2fc+i) • • • ) ^i) satisfies the 
condition of Case 2. Hence, for this case, (|17p and (|18p follow from the fact that for any j we 
have 

Cgx {ii, . . . , i2k+i ', G) = Ggi {i2k+i ,■■■ ,ii;G) 

and 

G t{ii, . . . ,i2k+i',T) = G z{i2k+i, ■ ■ ■ ,ii',T). 

This completes the proof, since there are no closed walks in any other cases. D 

The following theorem is a direct consequence of the two Lemmas H] and [5] and the relations 
(fT2D and dnD. 



Theorem 6. Let D be a leveled degree sequence of a vertex-rooted forest and G{D) the 
associated level greedy forest. Then for any nonnegative integer k and all T G Td, we have 

W{k;T) <W{k;G{D)) 

and 

Mfc(r) = C{k- T) < C{k; G{D)) = Mk{G{D)). 

It turns out that one has strict inequality for sufficiently large even k, which is shown in 
the following lemma: 

Lemma 7. Let D be a leveled degree sequence of a vertex-rooted forest and G = G{D) the 
associated level greedy forest. If T ^ Tb is not isomorphic (as a rooted forest) to G, then 
there exists an integer k^ such that 

Mfc(r) = C{k-T) < G{k-G{D)) = Mfc(G(Z?)) 

for all even k > kQ. 
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Proof. It suffices to find one specific level sequence for which we have strict inequality. We 
take /i2 to be the smallest positive integer such that T, restricted to the first /12 levels, is 
not isomorphic to a level greedy rooted forest. Then let hi be the largest positive integer 
such that the restriction of T to levels hi,hi + 1, . . . ,h2 (which we denote by P) is still not 
isomorphic to a greedy rooted forest. 

From now on, we only work with the restricted forest P. Let r be the number of its roots 
and Pi,P2, . . . ,Pr the components of P. Each of them is a level greedy tree: if not, we could 
remove the root to obtain a rooted forest that is not level greedy, contradicting the maximality 
of hi. However, by assumption, their union is not a level greedy forest. 

Now let pi,p2, ■■■ ,Pr be the number of descendants of the r roots at level /12 {pj descendants 
in component Pj). The analogous numbers for the greedy tree are qi,q2, . . . ,qr, and we call 
the corresponding components of the restriction of G to the same levels Qi,Q2, ■ ■ ■ ,Qr- 

We assume, without loss of generality, that Pi > P2 ^ • • • ^ Pr and qi > q2 > • • • > Qr- 
From the construction of level greedy forests, we know that 



irj 



{pi,P2,--- ,Pr) 4 {qi,q2,--- ,qr 

In fact, this is a special case of Lemma HI since pi, . . . ,pr and gi, . . . , g^ also count walks with 
level sequence {hi, /ii + 1, . . . , /i2). The number of closed walks with level sequence 

(/i2, h2- 1,. ■ ■ ,hi + l,hi,hi + l,. . . ,h2 - I,h2,h2 - I,. . . ,hi + l,hi,hi + l,. . . ,h2) 



in T and G are 



Pi+pI^ ^Pr and qf + qj -\ h ^ 



respectively: such walks start at level /i2, move up to the root, return to level /i2, then back 
to the root, and back to the starting point. They are thus completely determined by the two 
vertices at level /12 (not necessarily distinct), which have to have the same root. 

We suppose first that p = {pi,P2, ■ ■ ■ ,Pr) 7^ (o'li Q'2; ■ ■ ■ ,qr) = q- Let i be the first index and 
j the last index where the two differ. Since q majorizes p and the two have the same sums, 
we must have Qi > pi and qj < pj. Let e = m.m{qi — Pi,pj — qj), and replace pi hy pi + e and 
Pj by Pj — e. Then the sum of squares increases by 

{pi + ef - pf + {pj - ef - p] = 2e{pi - pj + e) > 0. 

Repeating this process, we can transform p into q, which shows that 

pI+pI + ■ ■ ■ +pI < ql + ql + ■ ■ ■ + ql, 

and we are done in that we have found a level sequence such that G has strictly more closed 
walks than T. The same argument applies (mutatis mutandis) to level sequences of the form 

(/l2,/i2 - 1, . . . ,/ll + l,/ll,/ll + l,/li,/li + l,/ii,. . . , 

/ll, /ll + 1, . . . , /l2, /l2 - 1, • • • , /il, /il + 1, • • • , /i2), 

completing the proof in the case that p and q are not identical (with /cq = 4(/i2 — hi)). 

Let us now assume that p = {pi,P2, ■ ■ ■ ,Pr) = {qi,q2, ■ ■ ■ -.qr) = q-, and let / be the last 
index such that Pi = qi ^ 0. By our choice of /12, the restrictions of T and G to levels hi,hi + 
1, . . . , /i2 — 1 are isomorphic: they are both level greedy forests consisting of r components. If 
one component is larger than another, then the number of vertices at level /12 — 1 is greater 
as well, and if two components have the same number of vertices at level /12 — 1, then they 
are isomorphic by the construction of greedy trees. 
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Let m be the number of vertices at level /12 — 1 in the largest component. Then qi is the 
sum of the highest m degrees at level h2 — I. The only way how pi can be equal to qi is 
thus that Pi and Qi have the same number of vertices at level /12 — 1, so they have to be 
isomorphic (both are known to be level greedy as well!). Likewise, P2 and Q2 have to be 
isomorphic, etc. The only possible exception are Pi and Qi, the last components with vertices 
at level /i2: here, some vertices in Qi at level /12 — 1 might be leaves, so Pi could be smaller 
than Qi. 

Now let p[,P2, ■ ■ ■ , p'^ and q[,q2, ■ ■ ■ jq^he the number of vertices at level /i2 — 1 in Pi , P2 ,•••, -fr 
and Qi,Q2, ■ ■ ■ ,Qr respectively. The number of closed walks with level sequence 

(/l2 - 1, . . . , /il + 1, /il, /ll + 1, . . . , /l2 - 1, /i2, /i2 - 1, • • • , /il + 1, /il, ^1 + 1, • • • , ^2 - 1) 

in T and G are 

PiPi + P2P2 H H PrPr and qiq[ + 9292 H ^ QrQr 

respectively, by the same reasoning as before. We know that pip'- = qiq[ for i < I and 
PiP'i = (liQi = for i > /, thus the difference between the two is 

(91 ^i + 9292 H ^ Irq'r) " {PlP'l + P2P2 H h PrP'r) = qiQl " PlP'l = qiWl " p'l)- 

If q'l = p'l, then the components P/ and Qi up to level /12 — 1 have to be isomorphic, and since 
both are level greedy up to level /i2 as well, they must be isomorphic. But then T and G, 
restricted to levels /ii, /ii + 1, . . . , /12, are isomorphic, contradicting our choice of hi and /i2. 
Thus q[ > p'l, which means that we have again found a suitable level sequence. Once again, 
one can generalize to 

(/l2 - 1, • • • , ^1 + 1, ^1, /ll + 1, ^1, /^l + 1, ^1, • • • , 

/ll, /ll + 1, . . . , /l2, /i2 - 1, • • • , /il, /il + 1, • • • , /i2 - 1), 

to show that we have strict inequality C{k;T) < C{k;G) for all even k > ko, now with 
kQ = 4(/i2 - hi) - 2. D 

3.2. Edge rooted trees. As we will see at the end of this subsection, Theorem [6] still holds 
if we consider edge-rooted trees instead of vertex-rooted trees. 

For any set A of walks in a graph and any vertex v and edge e of the same graph, we 
denote by A^ and by A^ the subsets of A that only contain walks passing through e and v, 
respectively. Instead of (A'^Y' we simply write A""'^' . Similarly, {A^'Y = (A'")'' = A''''' = A''''". 
For any two adjacent vertices u and i; in a graph G, we define Cu,v{k]G) to be the set and 
Cu,v{k',G) the number of all closed walks of length k starting from the edge uv in direction 
from u to V. 

Different combinations of these notations are possible. For example, for some edge uv in 
a graph G and another edge e, C^^{k; G) stands for the set of closed walks of length k m. G 
starting at n, using the edge uv at the first step and passing through e at a later stage. 

Lemma 8. Let u and v he two adjacent vertices in a graph G, and let e he an edge in G. 
Then for all nonnegative integers k we have 

GuAk; G) = G.^k; G) and Gl^k- G) = G^^k- G). 

Proof. Both Gu,v{k; G) and Gv,u{k; G) are equal to the number of walks of length k — 1 starting 
from u and ending at v (which is clearly the same as the number of walks of length k — 1 
starting from v and ending at u). 
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If e 7^ uv, then both C^ ^{k; G) and C^^{k; G) are equal to the number of walks of length 
k — 1 starting from n, passing through e and ending at v. If e = uv, then clearly C^^{k; G) = 
Cu,v{k;G), and we are done. D 

For any (edge- or vertex-) rooted tree T we denote by r(T) the root of T. We extend the 
notation Cy{k;T) and denote by Ce{k]T) the set of walks of length A: in T which start with 
the edge e (in either direction). As usual, Cy{k;T) and Ce{k;T) denote their cardinalities. If 
T is an edge-rooted tree such that u and v are the ends of r(T), we know by Lemma [8] that 

^t(t)v^]T) = Cu,v{k',T) -\- Cy^u{k',T) = 2Cu,v{k',T) = 2Cv^u\k\T). 

Lemma 9. Let D he a leveled degree sequence of an edge-rooted tree and G = G{D) the 
associated edge-rooted greedy tree. For any element T G T/) we have 

for any nonnegative integer k. 

Proof. Let Gi and G2 be the components of G — r(G), and let Ti and T2 be the components 
of T — r(T). Since for odd k we trivially have C^(x){k;T) = Cj.(^Q){k;G) = 0, we are only 
interested in even k = 21. Let us reason by induction on /. The cases where I = 1,2 are easy 
to check, since the closed walks of length at most 4 starting with the root edge cannot reach 
beyond the first two levels, but these parts of T and G are isomorphic edge-rooted trees. 
Assume that the lemma holds whenever / < m for some integer m > 2. Now consider the 
case where I = m + l. The level sequences of the elements in C^(rp^{k;T) and Ci.(g')(^; G) are 
of the form (1, l,ii,i2,..., ik-i), and ik-i also has to be 1. 

We first consider walks that do not return immediately to the starting point after the 
first step. For any j with 2 < j < k — 1, let C^^,rpJk;T) and CLQAk;G) be respectively 
the subsets of C,.(^j^^{k;T) and Cj.(g')(/c; G) whose elements are the walks with level sequences 
(1, l,ii,i2, ■ ■ ■ ,ik-i), where ij = 1 and 1 ^ {ii,«2i • • • ,ij-i}- Their cardinalities are denoted 
by G-l.,rpJk;T) and G^,QJk;G) respectively. These walks start with the edge root, then go 
on to higher levels, return to level 1 for the first time after j steps, and then continue with 
k — j — 1 more steps until they return to the starting point. We can uniquely split each of 
these walks into the j steps from the first step to level 2 to the first return to level 1 and the 
rest. Set 

§,j = {{l,ii,i2,...,ij-i,l) : 1 ^ {ii,i2,...,ij-i}}. 
From Lemma [5l Lemma [8] and the induction hypothesis, we now obtain 

Gl^j,^{k;T) = C,^T^),r(T2)ik - r^T) Y^ C^iT^){S;T2) + G,^T2),r{T^)ik - j;T) ^ G,(^T^)iS;Ti) 

= lc,(^T){k-j;T){ ^ G,(^T2)(.S;T2)+Y^ C,(^t,){S;T,)) 
sgSj seSj 

< lc,(^G){k-J;G){ J2 C,(^G2)iS;G2)+J2 CriG,){S;Gi)) 

= ci^G){k;G) 

for any j > 2. This covers all the cases where ii ^ 1. Next, consider the subsets C*,rpJk;T) 
and C*,QAk;G) of C^{j'^{k]T) and Cj.(c')(A;; G), respectively; their elements are closed walks 
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with level sequence (1, l,ii,i2, ■ ■ ■ , ik-i), where h = I and for any /i € {1, 2, . . . , fc — 2} we 
always have (1, 1) 7^ (ikjih+i)- In words, these walks move forwards and backwards along the 
edge root for the first two steps, then never use the edge root again, thus they stay in one of 
the two branches. From Lemma O we now get 

< C,^G^)ik - 2; Gi) + C,^G,){k - 2; G2) 
(19) =c:^G)ik;G). 

We are left with walks that use the edge root, return immediately, and use the edge root again 
at some stage. The set of these walks is divided further, depending on the first time that the 
edge root is used again. For any j > 1, we consider the subsets Clj,Ak;T) and CJg,^(A:;G) 
of C^(^j'-^{k;T) and Cj.(^Q-j{k; G) whose elements are the closed walks with level sequence (1, 1, 
ii,i2,...,ik~i), where h = ij = ij+i = 1 and (1,1) ^ (ihJh+i) for any h £ {1,... ,j - 1}. 
Such a walk can be split uniquely into a walk of length j + 1 in C*,j,-. (j + 1; T) {C*,^-. (j + 1; G), 
respectively) and a closed walk of length k — j — 1 starting with the edge root. From (|19p and 
Lemma [HI we obtain 

C;j^) {k; T) = C7;(^) (j + 1; T) • ic,(r) {k - j - 1;T) 
<C;(G)(j + l;G)-iCr(G)(fe-i-l;G) 

for any j > 1- We see that the greedy tree G has more or at least equally many walks of each 
type as T, which completes the proof. D 

Lemma 10. Let D be a leveled degree sequence of an edge-rooted tree and G = G{D) the 
associated edge-rooted greedy tree. For any element T € T/j and for any nonnegative integer 
k we have 

G'^'^\k;T) <C'^^\k;G). 

Proof. Any element, say W, in C''("^'(A;; T) or C'^^'-''{k; G) has a unique decomposition as W^ = 
W1W2W3 for some Wi,W2 and W3 satisfying the following conditions: 

i) W2 is a closed walk starting from the edge root, chosen to have maximal length. 
ii) Wi and W3 do not use the edge root but can possibly have length zero. By merging 
the end of Wi with the beginning of W3, we obtain a closed walk W'. 
Under the conditions i) and ii), W3 visits an end of the edge root only once (at its starting 
point), otherwise we could extend W2. This means that W can be uniquely recovered from 
W' and W2 by inserting W2 into W at the last appearance of an end vertex of the edge root. 
So the number of possible walks W is the number of possible walks W times the number of 
possible walks W2. 

Let Ti and T2 be the components of T — r(r), and Gi and G2 those of G — r(G). By 
Lemma O we know that 

C'^^'\l;Ti) + C'^^^\l;T2)<C'^^'\l;Gi) + C'^^^\l;G2) 
for any nonnegative integer /. Hence, using Lemma [9] we have 

C'^^\k;T) = Yl (G'-(^^^(A:i;ri)Gr(T0,r{T,)(fc2;r) + G'-(^^)(fci;r2)G,(T,)r(T,)(^2;r)) 

ki+k2=k 
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ki+k2=k 
ki+k2=k 

U 

The next theorem combines Theorem [H] and Lemma [TUl 

Theorem 11. Let D he a leveled degree sequence of an edge-rooted tree. For any nonnegative 
integer k and all T € Td, we have 

Mfc(r) = C{k; T) < C{k; G{D)) = Mk{G{D)). 

For sufficiently large even k, the inequality is strict unless T and G{D) are isomorphic. 

Proof. Use Theorem [6] to compare the number of closed walks of length k not using the edge 
root, and Lemma [10] for those which pass through the edge root. The fact that the inequality 
in Theorem [6] is strict for sufficiently large k by Lemma [7] implies that this is also the case 
here. D 

3.3. Main result. The main result of this section is the fact that if we fix a degree sequence 
D, then among all trees with degree sequence D, the greedy tree G{D) has the maximum 
number of closed walks of any given length. G{D) is not always the unique element of T^i 
which reaches the maximum number of fixed length closed walks: for instance, for any T G T/j, 
we have C(2; T) = 2|£'(T)|, which only depends on D. 

Theorem 12. Let D he a degree sequence of a tree. For any element T € To and any A; > 0, 
we have 

Mfc(r) = G{k- T) < C{k- G{D)) = Mk{G{D)). 

Moreover, the inequality is strict for sufficiently large even k if T and G{D) are not isomor- 
phic. 

Proof. If it is possible to choose an edge or a vertex as root such that T is not level greedy, 
then we let Ti be the level greedy tree with the same leveled degree sequence as T. We iterate 
this process: if an edge or vertex root can be chosen such that Ti is not level greedy, replace 
it by the corresponding level greedy tree, which we denote by T/+i. Then M.k{Tij^i) > Mfc(T/) 
for all /c > 0, and for sufficiently large even /c, the inequality is strict. Therefore, no infinite 
loops are possible in this process. 

Hence there exists an integer m such that T^ is level greedy with respect to any choice of 
vertex or edge root. This tree Tm satisfies the "semi-regular" property defined in |22], and 
hence it is a greedy tree. From Theorems [6] and W\\ we obtain 

C{k- T) < C{k; Ti) < • • • < C{k; Tm) = C{k; G{D)) 

for any A; > 0, with strict inequality for sufficiently large even k. D 

Remark 3. While the inequality in Theorem 1121 is strict for sufficiently large k, there is no 
"universal" k with this property: for every k, there exists some degree sequence D and a tree 
T with degree sequence D that is not isomorphic to the greedy tree G = G{D) such that 

M^(r) = MKG), £ = 0,l,...,fc. 
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Consider, for instance, the degree sequence D = (3, 3, 2, 2, ... , 2, 1, 1, 1, 1), where the number 
of 2s is 4r — 2 for some integer r > 1. The greedy tree G = G{D) consists of two neighboring 
vertices of degree 3 to which paths are attached: two paths of length r to one of the two, two 
paths of length r + 1 to the other. Now let T be the tree where one of the paths of length r 
in G is interchanged with one of the paths of length r + 1. 

T and G have the same number of (closed) walks of any length that do not contain the 
vertices of degree 3, since the forests resulting when the two are removed are isomorphic. 
Moreover, the subtrees of T and G consisting of vertices whose distance from the degree 3 
vertices is at most r are isomorphic as well. Thus 

M,(r) = M,(G), i<2r. 

3.4. Consequences of the main result. Several corollaries follow immediately from our 
main theorem. In particular, in view of ([U]), we obtain the following corollary: 

Corollary 13. For any function f{x) = X^fc^o ^'^-^ with nonnegative coefficients and for any 
tree T with degree sequence D, we have 

Ef{T)<Ef{GiD)), 

where Ef is defined as in (JH). If the even part of f is not a polynomial (i.e., a^ > for 
infinitely many even values of k), then the inequality is strict unless T is isomorphic to 
G{D) . In particular, 

EE(T) < E'E{G{D)) 
for all T € T/j that are not isomorphic to G{D). 

Moreover, we also obtain one of the main results of ^ as another corollary, since the 
spectral radius p{T) of a tree T is equal to the limit lim£_j,oo yM^K^- 

Corollary 14. Among all trees with degree sequence D, the greedy tree G{D) has the largest 
spectral radius p[G{D)). 

In [1], it was also shown that the greedy tree is unique with this property. 
The Estrada index is just one of in principle infinitely many graph invariants of the form 
Ef. One could certainly conceive of a "Hyper-Estrada index", for example: 

n 

EEE(G) = Y^ e^"' . 

A somewhat more natural example is the following: note that the characteristic polynomial 
of a graph G is given by 



n " / A\ 

,-1 ,-1 \ ^ / 



i=l i=l 

If X is greater than the spectral radius, then we can take the logarithm and expand it into a 
power series: 

k x^ 



lb / -. \ fl uxj 

log Pg{x) = n log X + 2^ log I 1 ^ I = n log x — N^ 2, j 

i=i ^ ^ j=l fc=l 

1 ^M^,{G) 

= n log X — y 



kx^ 

k=l 
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This formula, together with our main result, implies the following statement: 

Corollary 15. For any tree T with degree sequence D and any x > p{G{D)), the inequality 

Pt{x) > PGiD){x) 

holds, with equality only if T is isomorphic to G{D). 

4. Trees with different degree sequences 

In this section, we compare greedy trees with different degree sequence, in a similar way 
as it was done in [Tl[2ll31[28] . This allows us to determine the maximal spectral moments of 
trees with different restrictions, e.g. given maximum degree or number of leaves. 

To this end, we use a transformation on level greedy trees, where branches are moved 
between vertices at the same level. We study the effect of such a transformation on the 
number of closed walks of given length. Unlike the procedure in the proof of Theorem [T2t 
the transformation that we consider in the following lemma does not preserve the degree 
sequence. 

For any vertex v in a rooted tree T, we denote by T„ the rooted tree spanned by v and all 
its descendants, where v is chosen to be the root. 

Lemma 16. Let D = ((«i,i), («2,ii • • • 1^2,^2)) • • • ) (^n,ii • • • ,in,k,J) ^e a leveled degree sequence 
of a (vertex) rooted tree. For some i and j with 1 < i < L{D) and 1 < j < ki, let B be a 
branch of g^- in the level greedy tree G = G{D) which does not contain the root. Choose the 
neighbor of g^- in B to be the root of B. Let T = G — gl t{B) + g\ i{B) for some j' < j (see 
Figure\3(). Then we have 

C{k;T) >G{k-G) 
for any nonnegative integer k. For even k > 4, the inequality is strict. 



, X = g'-, x = g'j \ 

/b\ 



/ x' = g^., X = g'j \ 



/B\ 



Figure 3. Moving a branch: the level greedy tree G (left) and the resulting 
tree T (right). 



Proof. We use the same labels for vertices in T as in G. For notational convenience, set 
X = gj, x' = 5*,, e = g^j t{B) and e' = gf*, ic{B). 

It is clear that C{k; T) - G^' {k; T) = G{k; G) - C^{k- G) because T ~ e' = G ~ e. Thus it 
suffices to prove 

(20) G^'ik;T)>G%k;G). 
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i'+l 



Let V = g\ be the closest common ancestor of x = (7* and x' = g*, in G, and let u = g^j^ and 



' = g^, be the neighbors of v in the branches containing g*- and gl-, respectively. 




GiD) 



Figure 4. Decomposition of G^ in the proof of Lemma [TBI 

Since G is level greedy, if we decompose G^ as in Figure HI then there is an isomorphism 
preserving roots between Cr and a subgraph of G^ for any r (^ {1,2, ... ,i — i'}. Therefore one 
can find an injective homomorphism, say / : V[Gu} — > V(Tui), which satisfies f{u) = u', 
f{x) = x' and /(e) = e' . 

The map 

F : C^{k; G) - C^'^{k; G) -^ C' {k; T) - C"'^' {k; T) 

Wl... Wk+l I — > f{wi) . . . f{Wk+l) 

is injective because / is injective. We also define a map 

F' ■.C{k;G)^,C{k;T) 

in a recursive way. Let W = wi . . . Wk+i G C^{k; G), and let m and M be, respectively, the 
smallest and largest integers such that Wm = wm = v and l<m<M<A; + l, if there exist 
such integers. Then we define: 

• li V ^ {w2, . . . ,Wk} (and hence t(Ji = Wk+i = v) and WsWs+i 7^ e for any s = 1, . . . ,k, 
then F'{W) = wi . . . Wk+i- 

• li V ^ {11)2, . . . , Wk} and WgWs+i = e for some s G {1, . . . , A;}, then 

F'{W)=Wlf{w2)...f{Wk)Wk+l. 

• Otherwise we set F'{W) = (t){wi . . .Wm-i)F' {wm ■ ■ ■wm)4>{wm+i ■ ■ -Wk+i), where 
(t){wi . . . Wm-i) = f{wi) . . . f{wm-i) if WgWs+i = 6 for some s G {1, . . . , m - 2}, 
and (l){wi . . . Wm-i) = wi . . . Wm-i otherwise. 

In words, we break a walk into pieces separated by visits to vertex v. Each piece is either 
kept the same (if it does not contain e) or replaced by its image under the injection / if it 
contains e. Since the decomposition is unique and / is injective, the so constructed map F' is 
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also an injection, and so is its restriction to C^'^{k;G). This proves inequality ([20]) and thus 
the main inequality. 

For even k > 4, the inequality is strict, since F is not surjective. The degree of x in G is 
strictly less than the degree of x' in T by construction. Hence, there is an edge e" incident to 
x' that does not have a preimage under F, and so is any walk starting from e' and uses e" . 
There is such a closed walk for arbitrary even length larger than 4. D 

Lemma 17. Let D = ((ii,i,«i,2)i (*2,i) • • • )^2,fe2)i • • • 7 (^n.i) • • • )^n,fe„)) be a leveled degree se- 
quence of an edge-rooted tree. For some i and j with 1 < i < L{D) and 1 < j < ki, let B be 
a branch of g^, in the level greedy tree G = G{D) which does not contain the root. Take the 
neighbor of g^, in B as root of B. Let T = G — g^- r{B) + g\ r(i?) for some j' < j. Then we 
have 

C{k-T) >C{k-G). 
for any nonnegative integer k. For even /c > 4, the inequality is strict. 



Proof. Again, we keep the labels of vertices of G in T. For simplicity, we write x = g^j 
'■ e = 5Jr(S), e' = 5i,r(S), r = r(G) andr' = r(T). 



X = gj,, e = gj i[l^), e' = gj, r(if j, r 

Let Gi and G2 be the components of G — r, and Ti and T2 those of T — r', such that 
|V^(Gi)| > \ViG2)\ and |y(Ti)I > |y(r2)|. 

If x and x' are both vertices of the same component Gm , then the proof is exactly the same 
as that of Lemma [T6l So from now on, we assume that x G V{G2) and x' G V{Gi). 

If G is decomposed as in Figure \5[ then Gr has a copy preserving levels in G'j. for any 
1 < r < i. Because of this fact, we know that one can find a level preserving injective 
homomorphism, say /, between G2 and Ti (which has Gi as a subgraph) which satisfies 
f{gl)=glf{x) = x'e.ndf{e) = e'. 




X A 



: Co\ / Gi 



Figure 5. Decomposition of G in the proof of Lemma [T71 

Since we deal with closed walks, we are only interested in even k = 21. We know that 
G{2l-T) - G'''{2l-T) - [G{2l;G) - C"'(2/;G)] = G^'{2l;Ti) - G%2l;G2) 
is nonnegative: as / is injective, so is the map 

F:r(2/;G2) ^ C' {2l;Ti) 

Wl... Wk+l I — > f{wi) . . . f{Wk+l). 
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Since / is level preserving, we can even choose an arbitrary level sequence S of walks without 
two consecutive Is and still have 

C''{S;Ti)>C%S;G2), 

(21) C{S, (Ti -B)U T2) = C{S; d U (G2 - B)), 

and hence C(5; Ti U T2) > C{S; Gi U G2). Now we are left to show that 

(22) C'''{2l-T) - ^{21-G) = C^'^'''{2l-T) - G^'^i2l-G) > 
for any integer / > 1. Before that let us first show that 

(23) Cf,i2l;T)>G^{2l;G) 

for any positive integer I. Note the subtle difference between C^''^{2l;G) and C^{2l;G) here: 
the former counts walks that pass through r at some stage, while the latter counts walks that 
start with r. We reason by induction on /. For / = 1 we have C^, (2;T) = G^{2;G) = 0. 
Assume that (|23p holds whenever I < m for some m > 1. Since Gr'{2l;T) — G^,{2l;T) = 
Gr{2l; G)-C^{21; G) for all /, the induction hypothesis also implies that Gr'{2l; T) > C^(2/; G) 
for all / < m. 

Consider now the case where I = m + 1. Let Cp{2l;T) = Pi{l) U Qi{l) U Ri{l) and 
Cf.{2l; G) = P2{1) U (^2(0 U -^2(0) where the Pi{iys contain walks whose level sequences start 
with 1, 1, 1, 1, the Qi{iys contain walks whose level sequences start with 1, 1, 1, 2, and the level 
sequences of the elements of the i?j(/)'s start with 1, 1, 2. The induction hypothesis implies 

|Pi(/)| = Gf,{2{l - 1);T) > C,^(2(/ - 1); G) = \P2{1)\. 

It is easy to check that |Qi(l)| = \Q2{1)\ = 0, |Qi(2)| = \Q2{2)\ G {0, 1}. For / > 3, we define 
for any j with 2 < j < 2/ — 3 the subset Ql{l) of Qi{l) whose elements have level sequence 
{l,l,l,ii,...,i2i-2), where ij = ij+i = 1 and {is,is+i) 7^ (1> 1) for s = 1, . . . , j - 1. Finally, 

2Z-3 

Qf~\l) = Q.{l)-[JQi{l) 
i=2 

is the subset of Qi{l) whose elements have level sequence (1, 1, l,ii, . . . ,121-2), where ii = 2 
and (1, 1) 7^ {is,is+i) for s = 1, . . . , 2/ — 3. Set 

S] = {{l,ii,...,ij-i,l) : h = ij-i = 2,(1,1) ^ {is,is+i) for s G {1, . . . ,j -2}}. 

Now we decompose walks in Qj and Q2'- any such walk consists of two steps along the edge 
root (forwards and backwards), then continues to higher levels and returns to the first level 
after j steps (possibly earlier as well, but without ever using the edge root). We call this part 
Ui; its level sequence lies in §J. Thereafter, the walk continues for another 21 — j — 2 steps, 

starting with the edge root; this part is called C/2- Since we know that a walk in Q\ has to 
pass through e', we have the following possibilities: 

• The walk Ui uses e' (which means that it lies entirely in Ti), the walk U2 is arbitrary. 

• The walk Ui does not use e' , but stays in Ti (thus it lies in Ti — B), the walk U2 
contains e'. 

• The walk Ui lies in T2, thus it does not use e' . Then the walk U2 has to contain e' . 
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For Q2, there are three analogous possibihties. Making use of this decomposition, Lemma[8l (J2T]) 
and the induction hypothesis, we obtain 

IQiWI 

= ^ C^'(5;Ti)Q(r,),r(T,)(2/ - J -2;T)+Y, CiS-T, - B)C:l^^)^^^^^^{2l - j - 2-T) 

= Y, C'iS-n) . \Cr>{2l-j -2;T)+Y {C{S-T^ - B) + CiS-T^)) ■ ^0^21 - j - 2-T) 
> Y ^'(^; ^2) • lCri2l -j-2;G)+Y, (C(5; Gi) + C(5; G2 - B)) ■ ]-Ct{2l - j - 2; G) 



s&] s&] 



= \Qm 

for ah j such that 2 < j < 21 — 3. For j = 21 — 2, walk U2 is empty, so we have 



\Qf-Hl)\ = E C''iS;n) > Y C'{S;G2) = \Q 



rn 



s&) s&) 



We conclude with the third subclass of walks whose level sequences start with 1, 1, 2. For any 
j with 2 < j < 21 — 2, let Rl{l) be the subset of Ri{l) whose elements have level sequence 
{l,l,ii, . . . ,i2i~i), where ij = 1 and 1 ^ {ii, . . . ,ij_i}. The case that j = 2/ — 1 is not 
interesting since it does not correspond to any closed walk. We decompose R{{1) and R2{1) 
in a similar way as we decomposed Q{(/) and Q2(0- Define 

Si = {{'^,h,---,ij-iA) ■ 1 i {h,---,ij-i]}- 

A walk in R?i{l) (or R2{1)) consists of a step along the edge root, then moves to higher levels 
and only returns to the first level after j steps. This part of j steps has a level sequence in 
S^, the rest forms a closed walk starting with the edge root. Dividing into three cases again, 
depending on which part contains e' (e, respectively), we obtain 

l^iWI = E C"='(^;ri)C,(2^,),,(To(2/ - j;T) + ^ C{S-Tr - B)G:[^^^^^^j,^pl - j;T) 
5es2 5gs2 

= E C''iS;n) ■ ^Cr'{2l-j;T) + ^ (CiS'Ti - B) + G{S;T2)) ■ ^Gf,{2l-j-T) 
> E C%S; G2) ■ \Cr{2l - j- G) + E iC{S; Gi) + G{S; G2 - B)) ■ \cti2l - j; G) 

\m)v 



SG§| se§2 
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This completes the proof of (j23|) . We now proceed to the proof of (j22|) . making use of a 
similar argument as in Lemma [TOl Any element, say W, in C^ '^' (2/;T) or C^'^\2l;G) has a 
unique decomposition 

(24) W = WiW2W3, 

where W2 is a closed walk that starts with the edge root and is chosen to have maximal length 
and W = W1W3 forms a closed walk which never uses the edge root, but passes at least once 
through one of its ends (unless it is empty). The decomposition ([M|) is unique (as it was 
explained in the proof of Lemma [TO]l . Now let 

Sj = {(ii, . . . , ij+i) : is = I for some I < s < j + 1}. 

The walk W' has a level sequence in S^ for some j. Again, there are three possibilities for a 
walkinC^'''^'(2Z;r): 

• The walk W contains e', and thus lies entirely in Ti, and W2 is arbitrary. 

• The walk W does not contain e', but still lies in Ti (thus entirely in Ti — B), and W2 
uses e'. 

• The walk W' lies in T2, thus does not use e'. Then W2 has to use e' . 

There are three analogous possibilities for C^'^{2l;G). We obtain 
C"''^'(2/;r) 

21-2 

= E E ^"'(^' Ti)C,^T,),riT,){2l - j; T) + C(5; Ti - i3)Q'^^)^,(^^)(2/ - j; T) 
3=0 s&?. 



+ C(5;T2)C;=('^^)^,(^^)(2/-j;r) 



21-2 



Y, E C^'('5;^i) • \cA2l-r,T) + (C7(5;Ti - B) + C{S;T2)) ■ ^C,<(2Z - j;T) 

21-2 
^ E E ^'(•^; ^2) • M2l - j; G) + (GiS; Gi) + GiS; G2 - B)) ■ -G';{21 - j; G) 



j=0 5g§3 

= C"'"'(2/;G). 

This concludes the proof of (|22p and thus the theorem. As in the previous lemma, the 
inequality is strict for even k > 4 since the map F is not surjective. 

D 

Given two degree sequences B =4 D of trees, by iteratively transferring branches, we can 
transform G{B) to become an element of T^). As seen in the proof of the next theorem, 
it turns out that it is always enough to only use transfers of the type described in the two 
Lemmas 1161 and 1171 to obtain an element of Td from G{B), showing that G{D) has more 
closed walks of any length than G{B). This parallels analogous results for e.g. the number 
of subtrees [28J or the spectral radius [1]. 

Theorem 18. Let D = (di, . . . , dn) and B = {bi, . . . , bn) be degree sequences of trees of the 
same order such that B ^ D. Then for any integer k > we have 

G{k;G{B)) <G{k-G{D)). 
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If B ^ D and k is even and > 4, then the inequality is strict. 

Proof. The statement is obvious for B = D. From now, we assume that there exists some io 
such that big / d^^ . Since 



(25) ^6, = ^d 



1} 

i=l i=l 



we know that the set {i : di y^ bi} must have at least two elements. Let / = min{i : di ^ bi} 
and m = max{i : di / bi}. We must have bi < di, bm > dm and hence bi^i = di^i > di>bi + \ 
and bm+i = dm+i < dm < bm - I- Therefore, Bi = (6i, . . . , bi-i,bi + 1, 6/+i, . . . , bm-i,bm - 
1, bm+i, • • • , bn) is a valid degree sequence. It is easy to see that B =4 Bi. Consider two vertices 
u and V in the greedy tree G{B) such that degu = bi and degv = bm- 

Case 1: The length of the path in G{B) joining u and v is even. Let w be the middle vertex 
of this path. Consider G{B) as a level greedy tree whose root is w. Then u and v are on the 
same level, say level h. We have u = g^ and v = g^ for some i < j. Let w = g!^^^ be a child 
of V = g^, and let H = G{B)^ be the branch rooted at w. 

Consider T = G{B) — vw + uw; the degree sequence of T is Bi. By Theorem [6] and 
Lemma [T6l it follows that 

C{k;G{Bi)) > C{k-T) > C{k;G{B)) 

for all A; > 0. 

Case 2: The length of the path in G{B) joining u and v is odd. The argument is analogous to 
the previous case: we choose the middle edge of the path as root and then we use Theorem [TT] 
and Lemma [T7] instead of Theorem [6] and Lemma [T6j 

In either case, we have 

C{k;G{Bi)) >C{k-G{B)) 

for all k > 0. We repeat this process to obtain a sequence of degree sequences Bq = 
B, Bi, B2,. . . ,Br = D such that B = Bq 4 Bi 4 ■ ■ ■ 4 Br = D and 

C{k; G{B)) = G{k; G{Bo)) < C{k; G{Bi)) <■■■ < C{k; G{Br)) = C{k; G{D)) 

for all A; > 0, which proves the theorem. D 

Conjecture [J follows as corollary of the two Theorems [12] and [18) The degree sequence of 
the n- vertex Volkmann tree, which is of the form (A, . . . , A, r, 1, . . . ,1) for some 1 < r < A, 
majorizes all possible degree sequence of n-vertex trees with maximum degree A. 

More results can be obtained by similar arguments in the same way as Corollaries 5.1 - 5.5 
of |28] and Corollaries 29 - 32 of [T] are obtained. Let us state some more of these corollaries, 
which also recover some results that can be found in [71125]: 

Corollary 19. For any n-vertex tree T and for any k >0, 

MkiSn) > Mfc(r), 

where Sn is the star with n vertices, whose degree sequence is (n — 1, 1, . . . , 1). 

Corollary 20. Among trees T of order n with s leaves, M.k{T) is maximized by the greedy 
tree G{s, 2, 2, . . . , 2, 1, 1, . . . , 1) (the number of 2s is n — s — 1, the number of Is is s) for any 
k>0. 



SPECTRAL MOMENTS OF TREES WITH GIVEN DEGREE SEQUENCE 23 

Corollary 21. Among trees T of order n with independence number a > n/2 and among 
all trees T with matching number n — a < n/2, Mfc(r) is maximized by the greedy tree 
G{a, 2, 2, . . . , 2, 1, 1, . . . , 1) (the number of 2s is n — a — 1, the number of Is is a) for any 
k>0. 

Mfc in each of the above coroharies can of course be replaced by EE or more generahy Ej 
for any / with nonnegative coefficients in ([5]). If infinitely many even-indexed coefficients 
are strictly positive (e.g., for EE), then we even have strict inequality. Moreover, corollaries 
analogous to Corollary [T3] and Corollary [15] for the spectral radius and the values of the 
characteristic polynomial also follow easily. 



[1] 
[21 

[3; 

[4 

[5 

[6' 

[7 
[8 

[9 

[lo; 
[11 

[12 
[13 

[14 

[15 

[16 

[17 

[18 

[19 
[20" 

[21 

[22 
[23 
[24 



References 

E. O. D. Andriantiana. Energy, Hosoya index and Merrifield-Simmons index of trees with prescribed 
degree sequence. Discrete Appl. Math., 161:724-741, 2013. 

E. O. D. Andriantiana, S. Wagner, and H. Wang. Greedy trees, subtrees and antichains. Preprint, sub- 
mitted. 

T. Biyikoglu, M. Hellmuth, and J. Leydold. Largest eigenvalues of the discrete p-Laplacian of trees with 
degree sequences. Electron. J. Linear Algebra, 18:202-210, 2009. 

T. Biyikoglu and J. Leydold. Graphs with given degree sequence and maximal spectral radius. Electron. 
J. Combm., 15(l):Research Paper 119, 9, 2008. 

D. Cvetkovic, M. Doob, and H. Sachs. Spectra of graphs - Theory and application. Johann Ambrosius 
Earth Verlag, Heidelberg, Leipzig, 3rd edition, 1995. 

J. A. de la Peha, I. Gutman, and J. Rada. Estimating the Estrada index. Linear Algebra Appl., 427(1):70- 

76, 2007. 

Z. Du and B. Zhou. The Estrada index of trees. Lmear Algebra Appl, 435(10) :2462-2467, 2011. 

Z. Du and B. Zhou. On the Estrada index of graphs with given number of cut edges. Electron. J. Linear 

Algebra, 22:586-592, 2011. 

Z. Du and B. Zhou. The Estrada index of unicyclic graphs. Linear Algebra Appl., 436(9) :3149-3159, 2012. 

Z. Du, B. Zhou, and R. Xing. On maximum Estrada indices of graphs with given parameters. Linear 

Algebra Appl, 436(9) :3767-3772, 2012. 

E. Estrada. Characterization of 3d molecular structure. Chemical Physics Letters, 319(5-6):713-718, 2000. 
E. Estrada. Characterization of the folding degree of proteins. Biomformatics, 18(5):697-704, 2002. 

E. Estrada. Characterization of the amino acid contribution to the folding degree of proteins. Proteins, 
54:727-737, 2004. 

E. Estrada. Topological structural classes of complex networks. Phys. Rev. E, 75:016103, Jan 2007. 
E. Estrada, J. A. Rodriguez- Velazquez, and M. Randic. Atomic branching in molecules. International 
Journal of Quantum Chemistry, 106(4) :823-832, 2006. 

M. Fischermann, A. Hoffmann, D. Rautenbach, L. Szekely, and L. Volkmann. Wiener index versus maxi- 
mum degree in trees. Discrete Appl. Math., 122:127-137, 2002. 

I. Gutman, H. Deng, and S. Radenkovic. The Estrada index: an updated survey. Zb. Rad. (Beogr.), 
14(22) (Selected topics on applications of graph spectra) :155-174, 2011. 

I. Gutman, B. Furtula, V. Markovic, and B. Glisic. Alkanes with Greatest Estrada Index. Z. Naturforsch., 
62a:495-497, 2007. 

A. Ilic and D. Stevanovic. The Estrada index of chemical trees. J. Math. Chem., 47(1):305-314, 2010. 
X. Li, Y. Shi, and I. Gutman. Graph energy. Springer, New York, 2012. 

N. Schmuck, S. Wagner, and H. Wang. Greedy trees. Caterpillars, and Wiener-type graph invariants. 
MATCH Commun. Math. Comput. Chem., 68(l):273-292, 2012. 

L. A. Szekely, H. Wang, and T. Wu. The sum of the distances between the leaves of a tree and the 
'semi-regular' property. Discrete Math., 311(13):1197-1203, 2011. 

H. Wang. The extremal values of the Wiener index of a tree with given degree sequence. Discrete Appl. 
Math., 156:2647-2654, 2008. 

H. Wang. Corrigendum: The extremal values of the Wiener index of a tree with given degree sequence. 
Discrete Appl. Math., 157:3754, 2009. 



24 ERIC OULD DADAH ANDRIANTIANA AND STEPHAN WAGNER 

[25] J. Zhang, B. Zhou, and J. Li. On Estrada index of trees. Linear Algebra AppL, 434(l):215-223, 2011. 
[26] X.-D. Zhang. The Laplacian spectral radii of trees with degree sequences. Discrete Math., 308(15):3143- 

3150, 2008. 
[27] X.-M. Zhang and X.-D. Zhang. Trees with given degree sequences that have minimal subtrees. Preprint, 

'http : //arxiv . org/abs/1209 . 0273' 
[28] X.-M. Zhang, X.-D. Zhang, D. Gray, and H. Wang. The number of subtrees of trees with given degree 

sequence. Journal of Graph Theory, to appear. 

Eric Ould Dadah Andriantiana, Department of Mathematical Sciences, Stellenbosch Uni- 
versity, Private Bag XI, Matieland 7602, South Africa 
E-mail address: ericoda@sun.ac.za 

Stephan Wagner, Department of Mathematical Sciences, Stellenbosch University, Private 
Bag XI, Matieland 7602, South Africa 
E-mail address: swagnerOsun.ac.za 



